Microscopic theory for quantum mirages in quantum corrals 
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Scanning tunneling microscopy permits to image the Kondo resonance of a single magnetic atom 
adsorbed on a metallic surface. When the magnetic impurity is placed at the focus of an elliptical 
quantum corral, a Kondo resonance has been recently observed both on top of the impurity and on 
top of the focus where no magnetic impurity is present. This projection of the Kondo resonance to 
a remote point on the surface is referred to as quantum mirage. We present a quantum mechanical 
theory for the quantum mirage inside an ideal quantum corral and predict that the mirage will occur 
in corrals with shapes other than elliptical. 

PACS numbers: 71.35.+Z 



I. INTRODUCTION 

Scanning Tunneling Microscopy (STM) allows the ma- 
nipulation of single atoms on top of a surface as 
well as the construction of quantum structures of arbi- 
trary shape. Additionally, the differential conductance, 
G{V) = dl/dV, is proportional to the local density of 
states (LDOS) of the surface spot below the tip 
Hence, STM can be used to modify and to measure the 
LDOS. 

A STM was used by Crommie et al. to build a quan- 
tum corral, i.e., a 71 A radius circle made with 48 atoms 
of iron on top of a surface of copper . The free motion 
of the electrons along the surface changed in the presence 
of the Fe atoms so that quasi-bound states appeared in- 
side the corral. The measured LDOS was quite similar to 
that of a gas of noninteracting electrons inside a circular 
confining potential. 

More recently, STM has permitted to study the prob- 
lem of a single magnetic impurity embedded in the two di- 
mensional electron gas formed on a metallic surface . 
This is the famous Kondo problem. Below the Kondo 
temperature, T/<-, a many electron singlet state forms so 
that the spin of the magnetic impurity is screened by 
the conduction electrons. As a consequence, the impu- 
rity density of states develops a resonance at the Fermi 
energy (the Abrikosov-Suhl resonance ^,0]). When the 
STM tip is placed on top of the magnetic impurity, G{V) 
displays a narrow dip around the Fermi level |^,|^. The 
dip (instead of the resonance) is due to a Fano type in- 
terference between the direct tunneling from the tip to 
the surface and the additional chanels that appear due to 
the presence of the impurity |§,||,||J^ . The depth of the 
dip decreases gradually as the lateral distance between 
the tip and the impurity is increased. This permits to 
image the magnetic atom. The dip vanishes when lateral 
tip-magnetic impurity distance is bigger than lOA, which 
is twice kp^, the inverse of the Fermi vector. 



This situation is dramatically changed when the mag- 
netic impurity is placed at the focus of an elliptical corral 
of size smaller than 150 A built on the Cu(lll) sur- 
face. In this configuration, the Kondo dip is observed not 
only on the focus where the magnetic impurity is located 
but also on the empty focus, which can be as far as 110 
A away from the impurity. Remarkably, the phantom 
dip is not observed if either the tip or the impurity are 
not at the foci. The phenomenon of the phantom dip 
is referred to as the quantum mirage ]lO| . In this paper 
we provide a quantum mechanical theory for this phe- 
nomenon. In particular we want to address the issue of 
under which conditions the quantum mirage can he ob- 
served and whether an elliptical corral is necessary to ob- 
tain the mirage. We show that the elliptical geometry is 
convenient but not necessary and we show that there is 
no need to invoke semiclassical arguments to explain the 
mirage. 

The structure of this paper is the following: In sec- 
tion II we review the theoretical framework adequate to 
study the quantum mirage. First, we present the Hamil- 
tonian of a surface with both a magnetic impurity and 
a quantum corral. Then we give a formal expression for 
the relation between G{V) and the surface LDOS. Our 
original contribution starts in section III, where we give 
a qualitative explanation for the quantum mirage. In 
section IV we present quantitative results for elliptical 
quantum corrals and in section V we discuss our results 
as well as the limitations of our theory. 



II. THEORETICAL FRAMEWORK 

A. The Hamiltonian of the surface 

The Hamiltonian of the surface is an extension of the 
well known Anderson model [Ol to the case in which 
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the electrons feel the potential produced by the atoms 
creating the corral: 

^surf — ^ ^ ^n^rija^fi-.a ^~ ^ ^ d^da- 
n,a (7 

+ t/4dt4d| + 14 ^ rniRl)clada + h.C. (1) 

e„ and ipn{R) are the eigenvalues and eigenfunctions of 
the surface corral Hamiltonian. c|j ^ and dj. create an 
electron in the state n of the corral, and in the mag- 
netic impurity, respectively. In this work we only consider 
the states from the metallic surface band, which seem to 
give the main contribution to the LDOS measured by the 
STM The first term in (0) describes the Fermi 

sea formed by filling these states. The second term in (|l|) 
is the impurity single particle energy. The third term is 
the on-site repulsion felt whenever two electrons are at 
the impurity site. The last term describes the hopping 
between the surface and the impurity states. In the An- 
derson model, this coupling is localized at the impurity 
site, Rj. From the formal point of view, the presence of 
the corral is accounted for by replacing the plane waves, 
which diagonalize the free surface electron Hamiltonian, 
by the corral states. Throughout the paper we neglect 
the magnetic moment of the corral atoms. This is jus- 
tified because the mirage appears also when the corral 
atoms are non-magnetic [ pO[ . 

It must also be noted that Hamiltonian (|]) does not 
contain any scattering from the surface states to the bulk 
states, a process which could occur due to the presence of 
both the impurity and the corral atoms. These physical 
processes should be considered in order to have a more 
quantitative theory of this system, something beyond the 
scope of this paper. 

B. G{V,R) vs. LDOS 

We now review the link between the quantity mea- 
sured in the experiments, G{V,R) = dI/dV{R), the dif- 
ferential conductance measured when the tip is at posi- 
tion R on the surface, and the surface Green's function, 
Qs{R,£^)- The Hamiltonian of the whole system, tip 
and surface, can be written as the sum of three terms, 
H = Htip + Hsuii + Htun- The first is the Hamiltonian of 
the tip. The second, given in equation (|^), corresponds 
to the Hamiltonian of the surface, including the corral 
and the magnetic impurity. The third is the tunnel- 
ing (Bardeen) Hamiltonian, which describes processes in 
which an electron is transferred between the tip and the 
surface |Jl|l: 

Htun = 51 (tc-^AR) + tdda) + h.C, (2) 

a 

where 



(3) 



creates a surface electron in the spin state cr at the posi- 
tion R of the surface and A\ creates an electron in the tip. 
tc is the tunneling amplitude to the surface states and td 
is the amplitude for tunneling directly to the magnetic 
impurity, td has to be taken into account only when the 
tip is located very near the magnetic adatom [R w Ri). 
We assume the knowledge of the eigenstates of the tip and 
the surface Hamiltonians and treat the tunneling term as 
a perturbation. To lowest order in the tunneling Hamil- 
tonian and low enough temperatures, linear response pre- 
dicts §jl3|: 



-^(i?) ^ G{V,R) = ^PTPsi^F + eV,R), (4) 
dV TTh 

where eV is the voltage drop and px is the density of 
states of the tip (assumed to be energy independent in 
the vicinity of e^). We follow the convention that positive 
eV means electrons flowing towards the surface. Finally, 
the local density of states of the surface, ps, is related to 
the retarded surface Green's function through the rela- 
tion: 



Ps{R,eF + eV) = --Im GsiR^ep + eV) 

TT 



(5) 



Gs is the retarded Green's function corresponding to the 
operator tc'^a-iR) + tdd^, and is given by 



GsiR, e+) = tlg,{R, i?, e+) + gd{e+) x 
td + tcVhGciR, Ri, (td + t,VhQc{Ri,R. , (6) 



where e+ = e + irj. In the surface Green's function (g), 
two different propagators appear. The first is the impu- 
rity free {U = 0, 14 = 0) surface Green's function: 



rn{Rl)i^n{R2) 



(7) 



n 



The second is the Green's function at the impurity site, 
whose evaluation is the difficult part of the many body 
problem Q. For temperatures much lower than TV, Qd 
can be approximated by the Green's function of an effec- 
tive resonant level with a broadening Tk'- 
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where Zk is chosen so that the impurity propagator ful- 
fills the Friedel sum rule 0: 



Tk 



(9) 
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is the impurity free 



where p = -^Im Qc{Ri,Ri..eF) 
surface LDOS at the impurity site and at e^?. A necessary 
condition for the appearance of the Kondo resonance is 
that the conduction band is formed by a quasi-continuum 
of states, with energy spacing A < Tk [Q- In the case of 
the quantum corrals that we study below A > Tk- How- 
ever, the broadening, 5, of these states, fulfills 5 > Tk, 
so that the density of states (in the absence of the mag- 
netic impurity) is almost flat close to ep and we can use 
equation (||). 

The surface Green's function can be expressed now as: 



Tk/ttp 



td 

tcVh 



GciR, Ri,e^ 



td 

tcVh 



€ — ep + iksTk 
gciRi,R,e+)]) . (10) 



For the case td — (tip located far from the magnetic 
impurity) we can eliminate the parameter Vh from our 
problem, due to the Friedel sum rule. When the tip is 
placed exactly at the magnetic impurity site {R — Ri), td 
is no longer zero and we need to estimate the parameter 
td/{tcVh)- To do that, we proceed as follows. In the ab- 
sence of corral atoms, we can approximate the impurity 
free surface Green's function by Qc{Ri,Ri,£^) ~ —ipo 
and one obtains the well known Fano function for the 
differential conductance through the tip MM: 



G{V,Ri) 



4e^ 



1 



t\2 



(11) 



where e' = {eV - eF)/TK, Trpoq = td/{tcVh) and po is 
the LDOS at the Fermi Level for the surface states in 
the absence of quantum corral, q is the Fano parame- 
ter which determines the shape of the G{V,Ri) curves. 
It can can take values between (symmetric dip) and oo 
(Breit-Wigner) . We obtain g, and therefore td/ {tcVh), by 
fitting the G{V, Rj) curve to the Fano lineshape in the 
case of tunneling through the magnetic adatom in the 
absence of corral. 



III. THE QUANTUM MIRAGE: QUALITATIVE 
EXPLANATION 



In this section we give a qualitative explanation of the 
mirage, based on the general formalism of the previous 
section. We need to do several plausible hypothesis: 

We suppose that the mirage is produced by quasi- 
bound states of the corral (an assumption that is consis- 
tent with the experiments [l^). Hence, we approximate 
the conduction Green's function by: 



gciRi,R2,e+)^Yl 



^p:{Ri)MR2) 

e- €n + iS 



(12) 



where S, the broadening of the quasi-bound corral states, 
is roughly 20 meV ||l5| . 

An additional approximation can be done if any of the 
two following statements holds: 

( 1 ) The level spacing between the energies of the quasi- 
bound states is much bigger than S. 

(2) The level spacing is lower than 5 but, due to the 
geometry of the quantum corral, only a few of the 
bound wavefunctions take a non-negligible value at 
the magnetic impurity site, i?/. If the energy sepa- 
ration of these states is bigger than S, then only one 
of these states will transmit the quantum mirage, 
as it is evident from equation (|2|). This condition 
is fulfilled in the case of the elliptic corral, as we 
will show below. 

In any of these two situations, whenever there is a quasi- 
bound state which simultaneously has an energy near e p 
and a non-negligible density at i?/, we can replace equa- 
tion (|l|) in (0) by: 



QciR, Ri,e^ 



r,AR)^cARi) 

e — ep + i6 



(13) 



In next section we shall use the complete expression ( [T^ ) 
for our calculations. 

Our last approximation is to assume t^ << t^. A finite 
td is considered in next section. 

When we put together all these approximations, the 
change in G{V, R) due to the presence of the impurity in 
Ri reads: 



5G{V,R) « -l£!^pj,|^,^(i?)|2|V;,^(i?,)|2 X 



7r2n 
Im 



1 



1 



{eV + i5Y eV + ikeTK 
For eV << 6 we can write: 



(14) 



6G{V,R) ^ -\i;,AR)\^\i;,ARi)\' 



\2 , (l.„TrA2- ^"^^ 



{eVy + [keTKY 



Equation ( p^ ) is the most important result of this section. 
We want to highlight several points: 

i) The spectral change in G{V) is a dip of width ksTK 
centered around eV — 0, as observed in the experiments 

Em- . ^ 

a) According to equation (Eq), the dip is projected 
to any point R of the corral with an strength given by 
\ipep{R)\'^\ipeF{Ri)\'^ ■ Therefore, the projection is mag- 
nified when both the impurity and the tip are at points 
where the Fermi level corral wavefunction peaks. The 
projection disappears when either the impurity or the ob- 
servation point, are located in a minimum. As we show 
in the next section, for the eccentricity of the experiment 
]lO| the wavefunction of the elliptical corral at the Fermi 
level has its maxima close, but not ai the foci. This result 
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is in agreement with the experimental observation, but 
reduces the importance of the role played by the foci. 

in) The wavefunction at the Fermi level of any quan- 
tum corral has several maxima so that we predict that 
the mirage can be observed in other geometries. A pos- 
sible candidate is the stadium corral shown in figure 3 
of reference ]l6[ |. Therefore, an elliptical geometry is not 
needed to observe the mirage. 



To conclude this section, we compare equation (15) 



valid for a confined geometry, with the case of an impu- 
rity in a translationally invariant surface. In both cases 
the surface Green's function, Qs, is the sum of two con- 
tributions, the impurity free contribution, Qc, and the 
scattering contribution (see equation (^)). The first ac- 
counts for the paths in which the electron does not in- 
teract with the impurity and the second accounts for the 
paths in which the electron does indeed interact with the 
impurity. Hence, the local density of states in any point 
of the surface contains information about the impurity. 

In the case of the free surface (without corral) , a con- 
tinuum of quantum states with different k carries that 
information so that destructive interference takes place 
at distances of the order of 2k p^, the inverse of the Fermi 
vector p. In contrast, when the electrons interact with 
the corral atoms, the information is carried, essentially, 
by a few quantum states, so that the destructive interfer- 
ence is less efficient. Equation (15) is derived assuming 
that a single quantum state is carrying the information 
so that there is no interference at all. 



IV. THE MIRAGE IN THE ELLIPSE 

In this section we study the mirage in an elliptical cor- 
ral. Following the ideas of the previous section, we model 
the Green's function of the surface states by that of the 
electrons confined in an hard wall elliptical corral. In 
order to compare with experiment [ p^ , we consider the 
case in which the corral is built on a Cu(lll) surface. We 
replace the real eigenvalues of the corral, e„, by e„ — ii5, in 
order to model the inelastic processes, such as scattering 
to the bulk states. It turns out that the problem of a 
quantum particle confined in an ellipse can be solved an- 
alytically . To do that, we write the Schrodinger equation 
in elliptical coordinates: 



X = aeCos[6]Cosh[r]\ 
y = aeSin[9]Sinh[T]\, 



(16) 
(17) 



where a and e are the semimajor axis and eccentricity, 
respectively. The Helmholtz equation in this coordinate 
system is separable, so that the eigenstates of the prob- 
lem can be written as: 



V'(0,r,) = e(0)A(r7). 
The Schrodinger equation is written as 



(18) 



drf 

d^eje) 

d9^ 



- {a- 2kCosh[2ri\)K{ri) = 



[a - 2kCos[2e])(d{e) = 



m*(ea)'^e 



(19) 



where a is the separation constant, e is the particle en- 
ergy and m* is the electron effective mass which, in 
the Cu(lll) surface band is 0.38 rUe For a given 

k, only a discrete set of ar{k) meet the requirement 
6(6') = 9(6* + 2pi). The elliptical hard wall condition 
reads A(7yo) = 0. It is clear that r/ = r/o defines an el- 
lipse of eccentricity e = {Cosh[rio]Y^^\ For each ar{k) 
there is a discrete number of fc„ compatible with the hard 
wall boundary condition. With all this in mind, we find 
2 types of physically possible solutions for the particle 
inside the hard wall ellipse: 



V'«.c(6', v) ccrik^, e)Cer{k^, rf) 
^p„,s{0,r]) ^ seriK,0)Serik'„,r]), 



(20) 



where ce, se, Se and Ce are the Mathieu functions (T^ . 
Of course, we have Ser{k^,r]o) = and Cer{k'^,rjQ) — 0. 
These equations permit to find the spectrum. In figure 1 
we plot a part of the spectrum of an ellipse with e = 0.5 
and a — 71. 3A. 

In figure 2 we plot the LDOS at the focus in the ab- 
sence of a magnetic impurity. It is clear that only a few 
states of figure 1 contribute significantly to the LDOS at 
the focus. The energy separation between these levels 
is much larger than 5 = 20meV. There is one of these 
quasi-bound wavefunctions that has an energy of 447.5 
meV, very near ep (which, for the Cu(lll) surface band 
is 450 meV). We can thus explain the experimental ob- 
servation of a quantum mirage in this quantum corral 
]l0{ using the results of section III. 




25 35 45 55 65 

n (wave function number) 

FIG. 1. Energy spectrum of an elliptical quantum corral 
with e = 0.5 and semimajor axis, a — 71. 3A, on a Cu(lll) 
surface. 
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FIG. 2. LDOS at a focus of the elliptical quantum cor- 
ral with e = 0.5, a = 71.34 when no magnetic impurity is 
present. 

In the left panel of figure 3 we show a contour plot of 
the wavefunction at the Fermi level for this ellipse. It 
must be stressed that the Fermi wavefunction maxima 
are located at a distance of 3.28 A of the closest focus. 
The lattice constant of Cu(lll) is 2.55 A. Hence, exper- 
imentally it is very difficult to distinguish between the 
foci and the maxima. 




FIG. 3. Left panel: magnitude of the wavefunction at the 
Fermi level for the ellipse with a — 71.3j4, e — 0.5. Right 
panel: Change in the differential conductance due to the im- 
purity at the left focus, - SG{V,R), normalized to the value 
in the maximum . Scale code: 0.75 - 1 = white, = black, 
0-0.75 : grey scale). 

The knowledge of the corral spectrum and wavefunc- 
tions permits to calculate G{V, R) for the elliptical corral 
via equations (^, (||), (0), (p^). In figure 3 (right panel), 
we plot the difference between the G{V, R) map with and 
without the impurity, for eV = JlSf . In our calculations 
we take the value ksTK — A.GmeV [Tk — 50X), as ob- 
served in ||l^. In this experiment T = AK, so that condi- 
tion T << Tk is fulfilled. The change in the differential 
conductance occurs not only at the focus where the im- 
purity is located but also at the empty focus, located 71 
A away from the impurity. The fingerprint of the Kondo 
effect is thus dominantly located around the impurity and 



around the empty focus. The similitude between the left 
and the right panel in figure 3 supports our claim that 
the wavefunction of the corral at the Fermi level projects 
the Kondo dip from the impurity to the other focus. Our 
figure 3 should be compared with figures 3-c and 3-d of 
reference ||l^. In the case of surface without corral, the 
Kondo signature would be localized around the impurity, 
being negligible at a distance larger than 2k 



In figure 4 (left panel) we plot Giy) when the tip is on 
top of the focus where the impurity is located (compare 
to figure 4(a) of reference ||l^]). For this calculation we 
use q « 0.2, the value used to fit G{V) without corral 
[|l^,^, and consider a nonzero value for td, following the 
method outlined in section III. In the right panel of our 
figure 4 we plot G{V) measured on top of the empty fo- 
cus. Hence, our theory is in agreement with the main 
experimental result: the existence of a Kondo resonance 
at the empty focus, more than 80 A away from the mag- 
netic impurity. It must be stressed, however, that in 
our model the dip observed on top of the magnetic im- 
purity and the one observed on top of the empty focus 
have different lineshapes, and there exists a factor of 2 
between their intensities. In the experiment the atten- 
uation factor is approximately 8 and both the original 
dip and the ghost are more symmetric. In order to re- 
move this discrepancy a less phenomenological theory for 
inelastic processes, like scattering from surface states to 
bulk states, would be necessary. We predict also that 
combinations of surface and adatoms for which inelastic 
scattering is smaller than for Co and Cu would increase 
the size of the mirage. In figure 5 we also show G{V) 
when the tip is not at a maximum of the Fermi corral 
eigenstate. In those situations the mirage is not present, 
in agreement with the experiments |lG| . 
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eV (meV) eV (meV) 

FIG. 4. Calculated dips at the focus with a magnetic im- 
purity and at the empty focus of the elliptical corral of figure 
3. 
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^ FIG. 5. G{V) at the points R = (25, 0)A (left panel) and 
R = (35.7, 25) A(right panel) of the elliptical quantum cor- 
ral of figure 3, when a magnetic impurity is placed at the 
left focus. We take the center of the ellipse as the origin of 
coordinates. 



In figure 6 we plot the intensity of the mirage (the 
dip amplitude) as a function of a, keeping e — 0.5. In 
reference jl^ an oscillatory dependence of the mirage ef- 
fect as a function of a (for fixed e) was mentioned, the 
oscillation period being Ai?/4. Our calculation is consis- 
tent with that claim. However, we obtain a curve with 
more structure. The Fourier transform of the intensity 
of the mirage shows several peaks, the largest of which is 
located at Xf/4:, in agreement with the experiment. In 
figure 6 we also plot the number of occupied states inside 
the corral, as a function of a, and keeping ep constant at 
450 meV. We see that most of the changes in the occupa- 
tion number do not lead to large changes in the mirage 
strength. The mirage is only enhanced when a particular 
kind of states, whose wavefunction is heavily peaked very 
close to the foci, is occupied. This rule was also observed 
in the experiments . 

For the ellipse with e = 0.786 in we have been 
able to reproduce all the results obtained for the ellipse 
with e = 0.5, assuming that the Fermi Level is some- 
what below 450 meV. This indicates that the position of 
the resonances given by the hard wall ellipse might not 
coincide with the experimental results. 

Since the maxima of the Fermi wavefunction are not 
exactly located at the foci, it is our contention that the 
important issue is to place the impurity at the maxi- 
mum of the Fermi wavefunction. Therefore, geometrical 
or semiclassical interpretations of the mirage might not 
be adequate to address this phenomenon. To check this, 
we have studied a square corral, obtaining the mirage ef- 
fect. Elliptical corrals are very convenient because some 
states with high quantum numbers (such as the state at 
the Fermi level for the e — 0.5 ellipse with the adequate 
a) have two main maxima located close to the foci of the 
ellipse. In contrast, all the maxima in a square corral 
have the same height so that the projection effect is less 
pronounced than in the ellipse. 
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FIG. 6. Thick line: Dip amplitude as a function of a, 
dip{a), for an elliptical corral with e = 0.5. We display 
a in A (upper axis) and in Af/4 units (lower axis). Thin 
line: number of occupied quasi-bound wavefunctions inside 
the ellipse. In the inset we display the Fourier Transform 
/(ot) (X dip{a) exp{—i 27r a/ar) da of this curve as 
a function of the period. We see that the curve peaks at 
«t/^ = 1. 



V. DISCUSSION AND CONCLUSIONS 

We now comment on some of the limitations of our 
theory. The first has to do with the approximation of 
the eigenstates inside the quantum corral as quasi-bound 
states broadened in energy. For a quantitative descrip- 
tion of the corral energy spectrum a more detailed cal- 
culation is needed, taking into account the role of the 
corral atoms as tunneling centers to the bulk states . 
The second is the use of the Friedel sum rule in a res- 
onant level model. A more realistic calculation of the 
impurity Green's function would imply to take into ac- 
count the real wavefunctions inside the corral and the 
possibility of tunneling from the magnetic impurity to 
the bulk states. The quantitative discrepancy with the 
experiments, in what concerns the attenuation of the mi- 
rage, should be solved including these effects. A more 
complete theory for the STM through magnetic impu- 
rities in metallic surfaces without quantum corrals has 
been developed in ||9|, [l9| , p0| . 

The emphasis of this paper is placed on the qualitative 
understanding of the mirage rather than on a detailed 
description of the experiments. Our main results are the 
following: i) The LDOS evaluated at an arbitrary surface 
point, R, in the Anderson model, contains information 
about the LDOS at the impurity site, Rj. A mirage will 
appear in a remote point, R, whenever there is a single 
quantum state at the Fermi level whose amplitude ipep 
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peaks both at the impurity (Ri) and at R. In order to 
avoid destructive interference between different states it 
is necessary that the energy spacing between states with 
a non-neghgible amphtude at the impurity site is big- 
ger than the energy broadening, 6. ii) The mirage can 
be obtained in corrals with shapes other than eUiptical. 
However, the elhptical shape is quite convenient because 
some of the corral eigenstates peak strongly at two points 
very close to the foci. Hi) Our theory predicts that the 
intensity of the mirage in an elliptical corral oscillates, as 
a function of the semimajor axis length, keeping fixed the 
eccentricity, with a dominant period of Ai?/4, in agree- 
ment with reference . 

We want to acknowledge C. Piermarocchi and H. 
Manoharan for fruitful discussions. JFR and DP ac- 
knowledge Spanish Ministry of Education (MEG) for 
postdoctoral research fellowship and grant FPU/AP98. 
Work supported in part by MEG under contract PB96- 
0085. 

During the completion of this manuscript we became 
aware of a theoretical work addressing the problem of the 
mirage in an elliptical quantum corral plf . In that work 
the states of the ellipse are described by a more detailed 
method, assuming that the wall atoms are magnetic, and 
the issue of the existence of the mirage in different ge- 
ometries is not addressed. Our theory can be applied 
to the general case of a quantum corral formed by non- 
magnetic scatterers (in which quantum mirages have also 
been observed Q). 
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